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Time-Accurate Inlet and Outlet Conditions
for Unsteady Transonic Channel Flow
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and
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Russian Academy of Sciences, 125047, Moscow, Russia

Nonlocalinlet and outlet transparent boundary conditions (TBCs) based on a linear model of the Euler equations
outside the computationaldomain are studied. The conditions are tested for both stationary and nonstationary flow
problems about an airfoil in the numerical wind tunnel. Comparison is made with characteristic-based boundary
conditions (CBCFs). Test calculations show that TBCs require much smaller computational domains for solving
the problem. Unsteady calculations for the oscillating airfoil show that the solutions obtained with TBCs and
CBCFs can strongly differ from each other in the case of certain resonance frequencies. In contrast to CBCFs,
TBCs permit us to observe much better coincidence of solutions while increasing the size of the computational
domains used. It is also observed that calculations for resonance cases require greater computational domains (up-
and downstream) and much more oscillating cycles to obtain a periodical solution.

I. Introduction

XPERIMENTS in wind tunnels are and will remain an im-
portant basis for aerodynamical design. For stationary flow,
the problem of wind-tunnel corrections, extrapolating wind-tunnel
results to free flight conditions, is almost solved. However, for tran-
sonic flow, so-called adaptive walls'? and ventilated walls® are still
posing problems and require improvements of techniques. For un-
steady and, particularly, for unsteady transonic flow, transmission
of wind-tunnel test data to free flight conditions s still a challeng-
ing problem. Adaptive wall strategies for nonstationary flow are not
well established yet. That has been the motivation for introducing a
numerical wind tunnel with a measuring section of finite length that
can also be applied to stationary adaptive walls and that enables us
to simulate the experimentalresults in a wind tunnel correctly. This
is a difficult task, yet necessary for the validation of a numerical
method that will be applied later for free flight conditions. With the
trend toward design improvement at lower costs, the accuracy and
the reliability of numerical predictionsare of increasingimportance.
One of the crucial points for time-accurate predictions in wind
tunnels are inlet and outletboundary conditions. Some widely used
characteristic-based boundary conditions, (for example, Refs. 4
and 5) may require rather large computational domains. However,
even if inlet and outlet boundaries are placed far from the aerody-
namic model to be investigated,such conditionscan induce essential
distortionsto the solution (see examples in Sec. VI). Moreover, not-
ing that for the time-accurate simulation, one has to use grids with
spacings permitting the resolution of outgoing waves (to avoid spu-
rious reflections), the size of computationaldomains can essentially
influence computational costs.
To find more accurate artificial boundary conditions, we note
that nonlinear and viscous effects can be neglected far from the
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measuring section. (A typical Reynolds number may reach some
tens of millions for three-dimensional transonic aerodynamics.)
Therefore, we use the time-dependent Euler equations, linearized
about the constant uniform background of undisturbed flow at in-
finity, as a proper mathematical model in the far field. Our bound-
ary conditions are exact with respect to this model, and, hence,
they are nonlocal in both space and time. Note that different kinds
of approximate boundary conditions based on the analysis of the
linearized Euler equations have been derived, for example, by
Gustafsson,® Giles,” and Kroner.? Simplifications proposed in the
cited approaches aim to avoid the full nonlocalness in the condi-
tions; otherwise, the computational efforts could be too expensive.
The approachdevelopedin this paper keeps the initial nonlocalness
of boundaryconditions(and, thereforetheiraccuracy) and usesideas
from Refs. 9 and 10 to obtain computational formulas that are recur-
rent with respect to time. The mathematical framework and prelim-
inary results for the problem under consideration may be found in
Refs. 11 and 12, respectively.Note that similar boundary conditions
are also discussed in Ref. 13.

The paper is organized as follows. The conditions are derived
in Sec. II. In Sec. III, we describe a way to construct a discrete
counterpartof them, yielding stable, recurrent with respect to time,
and second-order-of-appoximation difference formulas. A modifi-
cation of the boundary conditions for finding stationary solutions is
described in Sec. I'V. Section V contains numerical aspects of the
FLOWer code'* used for the calculations. In Sec. VI, we present
results obtained while modeling test flows in channels.

II. Mathematical Background of Transparent
Boundary Conditions

A. Flow Model

Consider a problem of inviscid, nonheat-conductingperfect gas
flow without body forces and body heat supply in an infinitely long
channel having the constant height H outside a bounded computa-
tional domain. The undisturbed flow at x — —o0 is assumed to be
homogeneous in space and time with constant specific entropy 7
everywhere. Downstream, the flow is generally not homogeneous
because material pathlines may have crossed a shock where 1 un-
dergoes a jump, depending on the local shock strength. However,
farther downstream D7 /Dt = 0 applies, so that the flow is isentropic
but rotational and nonhomentropic, that is, n # const everywhere.

We use Cartesian coordinates x and y with x directed along the
channel. V= (u, v), P p, and y denote the velocity vector, pressure,
density, and the ratio of specific heats, respectively. Linearization
of the unsteady Euler equations in nonconservative form
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Fig.1 Subdomainsin the channel.

V., + (Vgrad)V + (1/p) gradP =0
P, + VgradP + yP divV =0
0, + Vgradp + pdivV = 0 (1)

about the uniform, steady background at infinity #, Ps, and ps
results in the system

V4 Vi + (1/px) gradP =0
P +u P + PooCl divW =0
p 2 = ) 2 2
(P - coop)l + qu(P - coop)x =0 2)

for perturbations V=V-V,., 0=p— Psos P=P—P,, and
Voo = (Uso, 0). Here cfm = yYP / p is the unperturbed sound speed
squared.

Letx = x,, x = x, be the coordinates for the upstream and down-
stream boundariesof the computationaldomain. We considerEq. (2)
as the flow model for x < x, and for x > x,, thatis, outside the com-
putational domain x, < x <x, (Fig. 1).

The subsonic freestream flow is considered:

0<uy, <cy

Remark: Cases Uy =co and uy > co require special treat-
ments, which are not discussed here.

We will derive artificial boundary conditions on the boundaries
at x, and x,; from the explicitrepresentation of general solutions of
well-posedauxiliary initial boundary-valueproblems for Egs. (2) in
the subdomains 1 and 3.

B. Inflow Conditions _

Let the functions V, P, and p satisfy Eq. (2) in domain 1, that s, at
x < x,. We consider our problem with the following homogeneous
boundary and initial conditionsat x = — 00 and time ¢t =0:

Viie =0, Pl w=0, flis 0=0 t>0

Vl2o=0, Pli.g=0, pli¢=0, x=x, 3)

Our aim is to transfer conditions (3) from left-hand infinity to the
inflow boundary x = x, of domain2.

If we apply the rotation operator rot V :=v, — i, to the vector
V in the first equation in Eq. (2) and conditions (3), we get the
following problem:

(rotV), + uoo(rotf/)x =0, rotf/IX:_oQ =0

rotf/I,:U =0 )

Obviously, the solution to Eq. (4) in the domain —oo <x <x,
satisfies

rotV =0 (%)
Therefore, the vector V is generated by a scalar potential @ (7, x, y),

V = grad® ©)

Substituting Eq. (6) for V into the first equation in Eq. (2), we
obtain

grad®, + u,, grad®, + (1/,0(,Q)grad13 =0

Hence,
@+ ®, + (1/p) P+ f(1) =0

where f(t) is a function occurring due to integration. Because the
fluid flow state is prescribed as constant at —oo, we have f(¢) =0,
and therefore,

O, +un®, + (1/p)P =0 )

If we replace V and P by Egs. (6) and (7) in the second equation in
Eq. (2), we get the following equation for the potential ®:

&, + 2un P, + ufm(b” — c;AdD =0, -0 <x <x, (8

where A is the Laplacian.

Let us now write the boundary conditions for ®. By an appro-
priate choice of an additive constant in the definition of ®, a trivial
condition at x — —oo0 is obtained from Eqs. (3) and (6):

Dl 0o =0 ©)

In addition, the the slip wall conditions v = 0 valid at the bottom
and top walls of the channel (recall that we consider Euler flow)
give us

Dyly=y, =0, Qyly=y+n =0 (10)

where yj is the coordinate of the bottom wall and H is the height of
the channel.
The initial conditions at rest yield

®|,_0=0, ®l,—0=0 (1D

Our first step consists of finding a general solution to problem
(8-11), which will then be used to derive the desired upstream
boundary conditions. To representthis general solutionin terms of a
parametric function, we use a nonhomogeneous Dirichlet condition
atx =x,:

Py, = (1, y) (12)
where the parametric function @Y is defined from Eq. (7) supposing

that P and @, = u are given functions at x = x,:

t
1 =
<1>U(f,y)5—/ [p_P(t/»xu»y)+uooﬁ(t/»xu»y)i|dt/ (13)
0

00

Thus, we have problem (8-12) for the potential ®. It is solved
by the method of separation of variables. We introduce the basis
functions along the y direction,

@n(y) = cos[mm(y — yo)/H], Yo<y=y+H
m=0,1,2,...
and denote by Q the operator of summation with respect to ¢,, in
O x,y) = Y Dot ) () (14)
m=0
and by Q! the inverse operator of calculating Fourier coefficients

lanly_o=07"f

where

m >0

5 [l+H
a, = E/ Qom(y)f(y) dy»

Yo

1 yo+H
ap == E/ fdy (15)

[The use of cosines in Eq. (14) ensures the zero normal velocity at
the walls of the channel; see Eq. (10).]
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Exploring the Fourier and Laplace transforms technique, we find
the solution of problem (8-12) in explicit form:

D, x,y) = @”(r+ i
-

o) 00

. »y> +Coo(x _xu)Q

T
X / {Bm(t - t/»x _xu)}Q_lq)U(t/» y) dt/ (16)
0

where {} for B,, denote that each Fourier coefficient obtained by
0O~! is convolved with the corresponding kernel having the same
subscriptindex m and where

B J A, (t, —
Bm (t»x) = ()‘-m)zM
Am(t» _)C)
] By(t,x) =0
m — H s o(t, X) =

Ji(x) is the Bessel function of first order, and
Am(t» )C) = )‘-m \% CCZ,Q - ucz,o

X A1t = X/ (o — o) I[T + X/(Cop + )]

Note that the nonlocal term, which appeared in Eq. (16), will
result in nonlocal formulas for the desired boundary conditions.

From Eq. (3) and the third equation in Eq. (2), it follows that
0 = P /c%, which corresponds to homentropic flow. Thus, formulas
(13), (16), (6), and

f) = _poouooq),\' - pooq)l» /5 = ﬁ/(‘czxn (17)

supply the solution of system (2) in the domain —0o <x < x,, in
terms of the function

(1/ps) P(t, X, ¥) + oo li(t, X, )

givenat x =x,. o

Now, let us take a solution V, P, and p of Eq. (2) and obtain
the relation between these functions at the cross section x = x,,.
Dividing Eq. (16) by x — x,, and passing to the limit as x — x, — 0,
we have, at x =x,,,

_(DI + (Coo - uoo)q),\'

t
= (Coo - uoo)coo Q / {Bm (t - t/)}Q_l q)o(t/» )7) dr’ (18)
0
where the kernel of the convolution operator is given by

2 42
By 1) = 3, LV~ 15) (19)

2 g2
t C, uz,

For operators such as the one occurring on the right-hand side
(RHS) of Eq. (18), we will use a simpler notation,

O{B,}* Q" '®°
Substituting Eq. (7) for the left-hand side of Eq. (18), differenti-

ating Eq. (18) with respect to time, and taking Eq. (13), we get the
first desired relation:

P4 pooCocliy + oo (Coo — ) Q{B,} % Q7' (P + pogliogi) = 0
atx =x,.

The other two relations are obtained from Egs. (5) and (17), and
so the artificial boundary conditions at x = x,, are

Py 4 pooCooliy + Coo(Coo — Uoo) Q{ B} % Q7' (P + pogllootl) = 0

b, — ity =0, p—PJ/2 =0 (20)

C. Outflow Conditions o

Let us consider now the functions V, P, and p such that they
satisfy Egs. (2) at x > x,, that is, in domain 3 (Fig. 1). Again we
suppose that initial and boundary conditions are homogeneous:

‘7|,\’—>OQEO7 f’l,\’—?OQE ’ ﬁl,\’—?OQEO7 tzo

Vl—o=0, flico=0, x>x, (21)

Now we will transfer conditions (21) from right-hand infinity to the
outflow boundary x = x,; of domain 3.

Obviously, we cannot follow the approach developedin the pre-
ceding section because the outflow can be both rotational and
nonhomentropic. Therefore, we consider the downstream pressure,
which is a natural function for practical flow problems. Differen-
tiating the second equation in Eq. (2) with respect to ¢ and x and
applying the divergence operator to the first equation, we get

By + ttoo By + pooc, divV, =0
P+ oo Py + poocl divV, = 0

divV, + e divVy + (1/ps) AP =0

Eliminating V, we obtainthe following equationfor the perturbation
of pressure:

P, +2u P, + ufmﬁ” — c;Aﬁ =0, Xg <x <oo (22)

Evidently, the boundary and initial conditions for P are

Plina=0, Plo=0, Ply=0  (23)
Again, we will find a general solution to Eqgs. (22) and (23) in
terms of a parametric function P°, which is the RHS of the Dirichlet

condition
Pli_,, =P° (24)

If we substitute —x for x and —u,, for u,, in Egs. (22-24), then
the problem for the pressure becomes the same as the problem for
®. Therefore, the solution of Egs. (22-24) has the form

X —Xxy4
—,y> — Coo(X —x)Q

ﬁt,x,r, =Pt —
( ®) ( P

X — X

I~ X TFue  _
x/ {Bu(t —1',x —x)}Q ™' P(¢', y)dt’ (25)
0

To obtain the desired condition for P on the outflow bound-
ary x =x,4, let us divide Eq. (25) by x — x,; and take the limit as
x — x; — 0. The resultis

P, 4 (Coo F Uog) Py 4 oo (Cop + 1120) Q

x / {B,,(t —1,0)}Q"'P(t',y)dt' =0
0

or, in operator form,

P4 (Coo + Uog) Py + oo (Coo + 1) Q{B,} % QT'P =0 (26)

where the kernel B, of the convolutionoperatoris givenby Eq. (19).
Combining Egs. (2) and (26) to eliminate the derivative P,, we
get the desired boundary condition:

P, — pocCoolis + pocCoctiosty + (2 — u) Q{B,} % Q"'P =0
27)
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D. Transparency of Boundary Conditions for the Linear Case

Equations(20) and (27) representadditionalrelations between the
unknown functions on the boundary needed to close the governing
equationsinside the computational domain. To show that conditions
(20) and (27) provide a well-posed linear problem and are exact, let
us considertwo problems, an initial boundary-valueproblem for the
linearized Euler equations (2) in the whole channel —oo < x < 00,
with homogeneousinitial conditionsat # =0 for x < x, and x > x,,
and the problem for Egs. (2) in the subdomainx, < x < x,, with the
boundary conditions (20) and (27). We denote these problems as
problem A and problem B, respectively. We are in the position to
formulate the following statements; see details and proofin Ref. 11:
1) Let V, P, and p be a solution of problem A; then V, P, and o
is the solution of problem B. 2) Conversely, let V, P, and o be a
continuously differentiable solution of problem B; then there exists
the prolongationof V, P, and p into the whole domain —00 < x < 00
to the solution of problem A. Note that this prolongation has the
explicit form based on formulas (16) and (25).

As for the well posedness of the original nonlinear problem in
the computational domain with the proposed boundary conditions,
this question is, evidently, equivalent to the well posedness of the
coupled linear-nonlinear problem in the channel of infinite length
(Fig. 1). We do not discuss this question here.

III. Numerical Implementation of Transparent
Boundary Conditions

Incorporation of our boundary conditions into a step-by-step in-
tegration scheme of the governing equations in the computational
domain is made as follows. We suppose that the solution is known
at the nth time level " on the entire computational grid, including
the boundary points and on the (n + 1)th time level "+ ! at internal
grid points. Then the boundary conditions are used to update the
solution at #" ™! at the boundary points.

We assume thatnear to the inflow and outflow boundaries, the grid
hasa simple structuresuch thattwo layers of neighboring grid points
(named external and internal) lie on the correspondingneighboring
cross sections. Denote the coordinates of these layers by x, and x;,
respectively.

A. Inflow Section

It is more convenient to use directly the potential ® to evaluate
the required functions X = (p, i, v, P) at boundary points instead
of conditions (20), which is, of course, equivalent from the mathe-
matical point of view. We introduce the following stencil in (x, t)
coordinates[with the y axis perpendicularto the (x, f) plane] to treat
Egs. (6), (7), and (18) (Fig. 2); here, x, = x, of Fig. 1.

In Fig. 2, the four dots denote the grid points (along the y
direction) with the coordinates x, and x; on the time levels " and
"1, respectively. The squares denote auxiliary points to calculate
the potential. In accord with the preceding assumption, we know
the values of X, X", X’*' @ and ®". Our aim is to evalu-
ate X" 1 and ®"*+!. Denote the grid and time steps by & = |x; — x,|
and T =¢"*! — 1", respectively. First, we estimate <I>f.’+2 by using

tn+2 | O

tn+1 . » Xn+1

" O . (o] Xn’q)n
Ty Te Ty

Fig.2 Stencil for inflow conditions in (x, t) coordinates.

central differences for approximating (7):
12 = @ — 2tfun it + (1/po) P (28)

Then we approximate Eq. (18) by the central difference scheme at
the point (x,, " *1):

DI 4 YR — @ — P!

27
o )¢7+2+<1>7—<1>g+2—<1>g
Coo — U
2h
= (Coo — U)o S (@1 !, @1, 1T (29)

where S is an approximation of the operator Q{B,,} * Q! that we
will consider in detail in Sec. III.C. Functions entering the RHS of
Eq. (29) are defined as follows:

o= (@) ) /2
known from the previous time level, and
or=(op+@) /2. erti= () +@177)/2

Substituting (28) into (29) permits us to find & * 2 and then to use
central differences for approximating Eqs. (6) and (17) to calculate
X at the point (x,, 1" *1).

B. Outflow Section

We have only one boundary condition (27) at x = x,. To define
all four components of X, we need three further equations. They are
obtained from Eq. (2) and have the form

O + oo By + (1/00) Py =0 (30)
(P —clp) +usx(P—cp) =0 3D

(P + PooCooll); + (oo + Coo) (P + pocCooll) + pooc® B, =0  (32)

Equation (32) is a linear combination of the equation for i entering
the first equation in Eq. (2) and the second equation in Eq. (2).
As practical computations have shown, it provides a more stable
algorithm compared with using just the equation for i.

Discretization of Eqs. (27) and (30-32) is executed similarly to
the inflow conditions but with a simpler stencil (Fig. 3); here x,
corresponds with x, in Fig. 1.

We approximate Egs. (27) and (30-32) by using central differ-
ences at the central point [ (x; + x,) /2, (t" + "+ 1) /2]. This includes
the evaluationof the nonlocaltermin Eq. (27) by its representationas

(C<2>o _ u;)S(ﬁC”_U‘S, f)cn, ﬁcrl+0,5) (33)
where P~ is known from the previous time level, P’ =
(P'+ P")/2,and

Pr0S = (Pr 4 Pret 4 pr oy Pr+t) [a (34)

(See Sec. II1.C.)

t”+1 . . Xn+1
o
" . . xXn
Z; Ze Le

Fig.3 Stencil for outflow conditions in (x, #) coordinates.
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The derivativeswith respect to y in the central point are evaluated
by using mean values in accordance to Eq. (34).

Such an approximationof Egs. (27) and (30-32) is implicit for the
point(x,, " *1) Therefore, we use simple iterations starting from an
initial guess X"+ := X'+ ! for evaluating derivatives with respect
to y and the nonlocal term in Eq. (33). One or two iterations are
usually required.

C. Evaluation of Operator S

The operator Q{B,,} * Q™! is nonlocal in both space and time.
As to the space nonlocalness, a reasonable way of treating Fourier
series is the use of correspondingfinite Fourier sums. Therefore, we
explore discrete counterpartsto Egs. (14) and (15) while evaluating
S. A more difficult questionis the nonlocalness with respect to time.
A direct discretization of the convolutionintegral by an appropriate
quadrature formula could resultin a very expensivealgorithmin the
case of long time simulations with several thousand time levels.

The convolutionkernel (19) is expressed in terms of the function
J1(¢)/t. To localize the calculations in time, we represent J; () /¢t
by a finite sum of exponentials:

L
B(t) = @ ~ Zb,e"” (35)

=1

This is made numerically by approximating the Laplace transform
of J,(1)/t, that is, the function /(s> + 1) — s, in terms of rational
functions.(We use the known fact that the inverse Laplace transform
of arational function with simple polesis a sum of exponentials.) For
instance, one of the possible sets of numbers {b;, ;},/=1, ..., 16,
that we have foundin Eq. (35) (using correspondingproceduresfrom
the MAPLE package) does providethe accuracy 107> for 0 < 1 < 00;
that can be considered sufficient for most practical applications.

According to Egs. (18) and (27), we have to evaluate the convo-
lution integral

g(t) = / B(t — 1) f(t')dr’
0

for a function f (). Using Eq. (35), we obtain

L t L
ORI / SNy A =Y A (36)

I=1 0 I=1

where
t
At) = / P £y dr
0

Let 7 be a time step. Then the functions A; can be represented as
follows:

t
At) = ePTA(t — 1) + / U= £ty dt (37)
=1

We see from Eq. (36) that the convolution integral g(¢) is eval-
uated by the sum of functions A,;(¢), each of them calculated by
the recurrence formula (37). This means that nonlocal-in-time for-
mulas (18) and (27) are approximated by local-in-time calculation
formulas [with any desired accuracy depending on accuracy of the
representation (35)].

The integral in Eq. (37) is evaluated numerically by Simpson’s
rule. In our case, the three points required for this rule are
@@=t Yy and (#7093, ¢, 1"+ 93) for Egs. (29) and (33), re-
spectively.

D. Approximation Accuracy and Stability

We have three sources of approximation error while discretiz-
ing our boundary conditions: approximation of 1) functions and
derivatives,2) integralsin Eq. (37), and 3) kernel of the convolution
integral [see Eq. (35)]. Central differencesand central averagesused
for derivatives and functions, respectively, to discretize local terms
in Egs. (6), (7), (17), (18), (27), and (30-32) provide second order
of approximation with respect to space and time.

Simpson’s rule permits us to keep this order of accuracy while
handling Eq. (37). As to the source 3, it has another nature, not
connectedwith the grid. All calculations for the examplesin Sec. VI
have been done with a concrete set of {b;, B;} [see Eq. (35)] having
the mentioned accuracy 10~°. Additional calculations for several
same examples with another, less accurate, set have shown that
this change does not have a significant influence on the solutions.
However, for much finer grids, one must perhaps find sets of {5, 5;}
with better approximation properties.

The question of stability is more delicate. One must consider it
for the coupled discrete system of nonlinear equations in the com-
putational domain and on the boundary. However, this is beyond
the scope of the current study. We observed in computations that
both the difference scheme inside the computational domain and
the discrete formulas on the boundaries can produce instability, but
fortunately with much higher values of the time step than those
prescribed from the criterion of required accuracy.

IV. Finding Steady-State Solutions

Unsteady simulation,such as the oscillationof an airfoil, is started
from a stationary solution. The steady-state solution is usually ob-
tained by a transient process for the original time-dependentequa-
tions, where time ¢ does not have a physical meaning actually.
Therefore, we must exclude the physical time from the formulas
of the proposed boundary conditions, considering for this purpose
the asymptotically steady case as t — o0o. Evidently this will give us
a certain kind of exact boundary conditions in the steady linearized
case, which are adapted also to a transient procedure.

Because the final solution does not depend on the time step 7,
we do not change our formulas as for time derivatives. [However,
the rate of convergence can depend on 7, which now plays the role
of an iterative parameter; therefore, an appropriate magnitude of t
can be chosen to obtain an optimal convergencerate (see Sec. VI).]
We have to make only some changes in treating the operator S
because it keeps the history of the convergence. Let us consider
a limit case of Eq. (37) as t — co. We have f(t) — const=: f;,
A;(t) = A;(=const) and, therefore,

t
A, =eﬁ”A,+f,/ eﬁ’(’_’,)dt’zeﬁ”A,—g(l—eﬁ”)
t—t 1

Hence,

A =—1i/B (38)

Thus we use Eq. (38) while evaluating S during iterations for
finding steady-state solutions.

Note thata directanalysisof the steady linearized Euler equations
model has been performed in Ref. 15 to obtain accurate boundary
conditions.

V. Implementation Aspects of Nonstationary Flow
Calculations on a Moving Grid

For the fluid flow calculations, the FLOWer code is employed,
which is being used and further developed in the project
MEGAFLOW by different German research organizations, among
them Lehr- und Forschungsgebiet fiir Mechanik at Rheinisch-
Westfalische Technische Hochschule Aachen. The project leader-
ship is at DLR, German Aerospace Research Center/Brunswick.!®

The FLOWer code solves optionally the Euler or the Reynolds
averaged Navier-Stokes equations for three-dimensionalcompress-
ible fluid flow. For unsteady flow about bodies in arbitrary motion
a formulation with time-dependent finite volume has been intro-
duced in Ref. 14. For purposes of computational aeroelasticity, a
deforming grid algorithm has been implemented.!”

The equations solved in this paper read (two-dimensional, strong
conservation form of the Euler equations)

9 _
— Udv + / FndS =0
ot V() V@)

where U= (p, pu, pv, pe)T is the vector of the conserved quanti-
ties: density, Cartesian components of momentum, and total specific
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Table 1 Lift and drag coefficients for TBCs and CBCFs depending on the computational domain length

My, =05 My =0.73
TBCs CBCFs TBCs CBCFs
Size C; Cy C Cy G Cy G Cy
S 0.2657 0.001397 0.2609 0.001559 0.3979 0.001444 0.3941 0.001547
M 0.2659 0.001392 0.2659 0.001395 0.3981 0.001443 0.3984 0.001446
L 0.2659 0.001392 0.2660 0.001393 0.3980 0.001442 0.3972 0.001465
energy density. In a moving grid with the grid velocity field V5, the Py
flux density matrix F' is represented by © I, M s
{ o(V —V3) "l m o g
_ u(V—-Vsg)+ pi
va( —Vp) + pi, -5 0 5 10
pe(V —Vg)+ pV X

and n is the unit outer normal vector on the surface.

When started with an elliptically smoothed grid for the non-
deformed reference configuration, the grid is adapted algebraically
to the current configuration. Thereby, interpolationpolynomials are
used such that the nodes on the airfoil’s surface are taken as ma-
terial points throughout the motion, whereas the nodes at the outer
boundary, which is the boundary of the computational domain, re-
main fixed in a rigid-body fixed coordinate system. Thus, the grid
is deforming with time, and the nodes of the finite volumes within
the flow field are moved such that a body surface fitting grid is
ensured.

For the discretization in space, a second-order-accurate central
cell-vertex finite volume formulation on block-structured grids is
used.'® Its earlier form is according to Ref. 18. Dual stepping'’ is
implemented for time integration.

Within each time step, an explicitfive-stage Runge-Kutta method
is used providing second-order accuracy in time and a large sta-
bility range. It is accelerated by techniques of local pseudotime
stepping, enthalpy damping, and implicit residual smoothing. The
solution procedure is embedded into a sophisticated multigrid
algorithm.

VI. Numerical Results

‘We study the performance of the introduced boundary conditions
by conductingcalculationsfor each test setup twice: imposing com-
monly used characteristic-basedboundary conditions (CBCFs) and
imposing transparent boundary conditions (20) and (27) (TBCs),
respectively. (All other test parameters remain the same.) Because
of the absence of reference solutions for the considered nonlinear
Euler flows, we performed calculations with different lengths of
the channel at fixed flight conditions. Evidently, for ideal boundary
conditions, the solution must not depend on the size of the com-
putational domain. Therefore, we believe that the tested boundary
conditions are sufficiently accurate if they provide closer and closer
solutions while increasing the lengths of the upstream and down-
stream regions of the computational domain (having a sufficiently
fine grid to resolve generated waves).

A. Calculation of Steady-State Solutions for the Airfoil in Channel

A stationary flow about the British Aircraft Corp. airfoil?**! BAC
3-11/RES/30/21 has been calculated by using the FLOWer code for
three differentsizes of the channel:large (L), medium (M), and small
(S) (Fig. 4). Two types of boundary conditions are compared: TBCs
and a certain kind of CBCF according to Ref. 18, which refers to
Ref. 22. The numbers of grid cells are 6912, 6144, and 4864 for the
considered domains, whereby the grids for the smaller domains are
subgrids of the large grid with the same spacing. Table 1 contains
the lift and drag coefficients (C; and C,) for the regimes with Mach
number M, =0.5 and 0.73. We see that TBCs provide better ap-
proximations of the aerodynamic coefficients (closer values to each
other) calculated on the three considered computational domains
compared with the CBCFs.

Fig.4 Geometry of three computational domains: dotted and dashed
lines denote the boundaries of the medium and small computational
domains, respectively. Mesh in one of the blocks is shown. (Thin lines
are the internal boundaries of grid blocks.)
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Fig. 5 Convergence history for the large domain with CBCFs (—)
and TBCs (symbols).

Figure 5 shows the convergence history (residual vs number of
multigrid cycles) for the calculationsin the L domain. We see that
the rate of convergenceis nearly the same for both types of condi-
tions. (Similar situations are observed for M and S domains.) Note
that the additional computational costs required by TBCs are within
3% of the total CPU time.

B. Unsteady Computations

The unsteady computationshave been performed for the oscillat-
ing airfoil by using stationary results as the starting solution. The
comparative study was made for CBCFs and TBCs in L, M, and S
computational domains.

According to Ref. 3, which refers to Ref. 23, there exists a set of
resonance frequencies between an oscillating airfoil and the wind-
tunnel walls:

Wy = (n/H)(2m - l)coo\/ 1 - Mozoa

where H is the height of the channel.

When we look at the nonlocal-in-time term in TBCs (18) and
(27), we see that its main contribution to the equation is expected
near the first frequency w; = A14/(c2, — u2,) [see Eq. (19)] because
of the asymptotic behavior of the kernel function*:

m=12 ... (39)
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. _\/zcos[a)l (t +7/4)]
o T (@t

Indeed, the amplitude of the convolution integral for the periodical
function cos(w,; f) will grow with respect to time due to the contri-
bution of the positive term

cos?(w;1)
3
(011)?

By introducing the reduced frequencies k = wl /(2u,,), where [
is the chord length of the airfoil, we can rewrite Eq. (39) in the
following form:

b = (/2 us) = (/200 /I (VT =M /M) @ = 1)
(40)

Periodical solutions in a wind tunnel may contain frequencies
near resonances (39). Practical calculations show (for example, see
Ref. 2) that 1) solutions for resonance cases differ strongly from
correspondingfree flight solutionsand 2) the interval of frequencies,
where the difference is essential, is large enough. The interval of
frequenciesis measured in terms of the ratio //H in Ref. 2; see our
Eqgs. (40).

That is why we concentrated our study of oscillating solutions
first for resonance cases.

The lowest of the resonance frequencies (40) has the value
k;~0.5133 for M, =0.5 and k, = 0.2775 for M, =0.73, when
it is taken into account that //H = 1/5.3 for the geometry used.

We prescribe the oscillations of the angle of attack (degrees) of
the airfoil by

a(t) = ag sin wt, ayg = —3

with the fixed pointat/ /4 downstreamof the leading edge. Figures 6
and 7 show the time history of the calculations for M, =0.73 and
k =0.28 using CBCFs and TBCs, respectively. (The time is mea-
sured in seconds if the geometry sizes are in meters in Fig. 4.) The
details for two cycles of these calculations are shown in Figs. 8 and
9. We see that the CBCFs give quite different solutions depending
on the size of the computational domains. However, the TBCs pro-
vide almost the same solutions for the M and L domains (solid and
dotted lines practically merge in Fig. 9); the solution of the S do-
main (dashed line in the Fig. 9) is also sufficiently close to the other
solutions.

The calculations with TBCs were continuedup to the time f = 2.5
to be sure that our nonlocal-in-time conditions are stable.

Because of the observed convergence to a limit curve as the
size of the computational domain increases (Fig. 9), we may con-
clude that the solution obtained with TBCs for the large domain
is a true solution to the considered problem in the numerical wind
tunnel.
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My =0.73,k=0.28, TBCs

Fig. 8 Details of oscillating cycle from Fig. 6.

Fig. 9 Details of oscillating cycle from Fig. 7.

Figure 10 shows the limit-oscillation cycles, that is, periodical
solutions observed after calculation of a large number of cycles, of
the lift coefficient C; vs angle of attack « for the solutionscalculated
within the L domain with TBCs and CBCFs, respectively. We see
a remarkable difference between them. If we consider a nonreso-
nance case with k = 0.40, the difference of solutions with TBCs and
CBCFsisnotasbig (Fig. 11). An evensmallerdifferenceis observed
for the case k = 0.20. For the latter, we show, in Fig. 12, the solution
obtained with TBCs for the L domain. Figure 13 shows the differ-
ence values between this solution and solutions with TBCs for the S
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tions in the L domain with TBCs and CBCFs; the details for a little
more than one oscillating cycle are shown in Fig. 15. We observe a
big difference between the two solutions. Results for different sizes
of the computational domain are presented in Fig. 16 (CBCFs) and
Fig. 17 (TBCs). Even for TBCs, it is precariousto say that we have
a convergenceto a true solution. However, the only reason for such
cautionis that the linear model used while constructing TBCs might
not be sufficiently accurate for the considered parameters of the test
case. Therefore, we have repeated our calculations with half of the

domain (solid line), with CBCFs for the L domain (dotted line), and
with CBCFs for the S domain (dashed line), respectively. Because
both solutions with TBCs are very close to each other, we consider
the solution from Fig. 12 as the reference one. We see that solutions
with CBCFs deviate much more from the reference solution, even
for the L domain. An importantissue of these results is that we can
use S computational domains with TBCs for nonresonance cases.
The next set of calculationshas been made for the subsonic case
with M, =0.5. Figure 14 shows the time history for the calcula-
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value for the amplitude of the angle of attack («g = 1.5 deg), which
should reduce the error of linearization. The results are shown in
Fig. 18 (CBCFs) and Fig. 19 (TBCs) in comparison with the re-
sults for the 3-deg amplitude. Indeed, we can see that solutions
with TBCs for the M and L domains are much closer to each
other for the smaller amplitude. Figure 20 shows the limit oscillat-
ing cycles for these two solutions. The corresponding comparison
of solutions with TBCs and CBCFs for the L domain is given in
Fig. 21.
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Fig.19 C;vstfor L (——)and M (- - - -) domains; M, =0.5,k=0.51,
TBCs, g =3 deg (—), and vy =1.5 deg (---).
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Fig. 21 C; vs a for L domain with TBCs (——) and CBCFs (- - - -);
My =0.5,k=0.51, g = 1.5 deg.

VII. Conclusions

Nonlocal inlet and outlet conditions have been implemented into
the FLOWer code for unsteady compressible fluid flow calculations
in channels. These conditions are time accurate with respect to the
Euler equations linearized about the uniform constant mean flow
outside the computationaldomain. They are based on the analysis of
the wave equationin the moving fluid for the potentialof the velocity
in the upstreamregionand for the pressurein the downstreamregion,
respectively.
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The conditions are also adapted to predict steady-state solu-
tions, and they permit us to explore accelerating techniques within
FLOWer. The numerical implementation of the conditions has
second-order accuracy of approximationin space and time.

The method permits a straightforward extension to three dimen-
sions becauseit is based on the Fourier expansionof unknown func-
tions on the boundary in terms of eigenfunctionsof the Laplace op-
erator considered in the wind tunnel cross section, operators Q and
07! in Egs. (20) and (27); the main analysis concentrates on the
corresponding one-dimensional harmonics (cf. Ref. 11).

Test calculations show that TBCs require much smaller sizes of
the computational domain for obtaining both stationary and non-
stationary solutions, compared with calculationsusing the standard
CBCFs.

Unsteady calculations for the oscillating airfoil show that the so-
lutions obtained with TBCs and CBCFs can strongly differ from
each other in the case of the resonance reduced frequencies>?* In
contrast to CBCFs, TBCs permit us to observe the convergenceto a
true solution while increasing the size of the computational domain.
The reason lies in the more accurate physicalmodel used while con-
structing TBCs. Note that calculations for resonance cases require
greater sizes of the computational domain (up- and downstream)
and much more oscillating cycles to obtain a periodical solution.
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